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Abstract
Inspired by F. Wilczek’s QCD Lite, quantum Yang-Mills-Weyl Dy-
namics (YMWD) describes quantum interaction between gauge bosons
(associated with a simple compact gauge Lie group G) and larks (mass-
less chiral fields colored by an irreducible unitary representation of G).
Schroedinger representation of this quantum Yang-Mills-Weyl theory is
based on a sesqui-holomorphic operator calculus of infinite-dimensional
operators with variational derivatives.
The spectrum of the quantum YMWD, with initial data in the central
euclidean ball of a radius 0 < R < +∞, is self-similar in the inverse
proportion to R. The spectrum is a sequence of eigenvalues convergent
to +∞. The eigenvalues have finite multiplicities with respect to a von
Neumann algebra with a regular trace.
The same holds for the quantum self-interaction of vector Yang-Mills
bosons (Theorem 4.1). Furthermore, the fundamental vacuum eigenvalue
is a simple zero (Appendix A). Presumably, this is a solution of the ex-
istence problem for a quantum Yang-Mills theory that implies a positive
spectral mass gap.
The rigorous mathematical theory is non-perturbative with a running
coupling constant as the only ad hoc parameter. The application of the
first mathematical principles depends essentially on the properties of the
compact simple Lie group G.
Key words : Constructive quantum field theory, Yang-Mills-Weyl equa-
tions, Variational Yang-Mills-Weyl energy-mass operator, Gelfand nu-
clear triples, von Neumann algebras, Yang-Mills Millennium problem.
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1 Introduction
1.1 Preamble
F. Wilczek’s QCD Lite is the Quantum Chiral Dynamics (YMWD) of the light
u and d quarks stripped of their Lagrangian mass terms. Lattice simulation of
interaction between the massless quarks and massless gluons produces (with
no Higgs field) 99% of the mass of visible universe (cp. du¨rr et al[21] and
kronfeld[36]).
To quote wilczek[56, Subsection 1.2.1])
My central points are most easily made with reference to a
slight idealization of QCD which I call, for reasons that will be
obvious, QCD Lite. It is a nonabelian gauge theory based on the
gauge group SU(3) coupled to two triplets and two anti-triplets of
left-handed fermions, all with zero mass. Of course I have in mind
that the gauge group represents color, and that one set of triplet
and antitriplet will be identied with the quark fields uL, uR and
the other with dL, dR.
Upon demanding renormalizability, this theory appears to con-
tain precisely one parameter, the coupling g. It is, in units with
~ = c = 1, a pure number. I am ignoring the θ parameter, which
has no physical content here, since it can be absorbed into the def-
inition of the quark fields. Mass terms for the gluons are forbidden
by gauge invariance. Mass terms for the quarks are forbidden by
chiral SU(2)L × SU(2)R flavor symmetry.
Mathematically, besides the coupling constants, the classical Lagrangians of
quark flavors of the standard model differ only in their phenomenological
quadratic mass terms. After these mass terms are discarded, as in the QCD
Lite, the Lagrangians become indistinguishable. This paper is based on an
anti-normal, non-perturbative, and ghostless second quantization of gauged
massless spinor larks fields.
The second quantization is applied to Noether energy-mass functional of
cutoff transverse initial data with compact supports. The ensuing quantum
energy-mass spectra are infinite sequences of eigenvalues increasing to infinity.
These spectra are selfsimilar on the sliding energy-mass scale.
My argument is completely different from the Wilczek consideration. It
is mathematically rigorous and, actually, holds for arbitrary simple compact
gauge Lie groups G together with their unitary representations on Hermitian
color spaces Cn.1
1Previouslly, corrigan-ramond[17] used ”larks” to dub massive analogs of quarks
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Representations of a compact simple Lie group are built from the funda-
mental ones indexed by the vertices of the Dynkin diagram of the group (see,
e.g., fulton-harris[24]). For G = SU(N) the fundamental representations
may be chosen as the N + 1 exterior powers ∧rCN , r = 0, 1, ..., N, of the
defining representation ϕ(g)(~w) = g ~w
∧r(g)(~wi1 ∧ ... ∧ ~wir) := g(~wi1) ∧ ... ∧ g(~wir ), vij ∈ CN ,
∧0(g) := identity, ∧0CN := C.
The dimensions dim ∧r CN = dim ∧N−r CN are the binomial coefficients.
In particular, for G = SU(3) one has the singlets ∧0C3, ∧3C3 and the
triplets ∧1C3, ∧2C3. Lagrangians of massless u- and d-quarks differ by the
fundamental representations of the gauge group SU(3) and their fractional
electric charges.
This example suggests the fractional electric charges of larks colored by
∧rCN to be r/N , and of the anti-larks colored by ∧rC∗N to be −r/N .
There was a vivid discussion among W. Heisenberg, P. Jordan, and W.
Pauli of the corresponding ”Volterra mathematics” during early years of quan-
tum field theory . E.g., P. Jordan and W. Pauli considered the eigenvalue
problem 1-dimensional variational Schroedinger operator for eigenfunctionals
Ψ(φ(x)) of massless scalar fields φ(x), x ∈ R (Zur Quantumelectrodynamik
ladungsfreier Felder, Zeitung fu¨r Physik, 47 (1928))
−
(
~
4π
)2 ∫
dx
[
δ2
δφ(x)2
+ c2
(
dφ(x)
dx
)2]
Ψ(φ(x)) = λΨ(φ(x)).
I present a spectral theory of variational Schroedinger operators based on
infinite-dimensional holomorphy (see e.g. [14]), sesqui-holomorphic Fock-Kree-
Gelfand nuclear triples [34], and spectral theory in von Neumann algebras (cp.
[31]). In particular, this is a response to E. Witten challenge ([4, p. 346]
Mathematically, quantum field theory involves integration, and
elliptic operators, on infinite-dimensional spaces. Naive attempts
to formulate such notions in infinite dimensions lead to all sorts
of trouble. To get somewhere, one needs the very delicate con-
structions considered in physics, constructions that at first sight
look rather specialized to many mathematicians. For this rea-
son, together with inherent analytical difficulties that the subject
presents, rigorous understanding has tended to lag behind devel-
opment of physics.
associated with SU(N) for large N . With E. Corrigan permission, I am using the same term
for massless analogs of quarks.
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Obviously, E. Witten gives directions to a quantum field theory in Schroedinger
paradigm. This is achieved in the present paper. The theory is non-perturbative
and relates to problematic concepts of physicists perturbative QFT as follows.
• By Ladyzhenskaya ptinciple, classical solutions of non-linear Yang-Mills(-
Weyl) equations are generated by those that have compactly supported
constrained initial data in R3.
Quantum operators are operator-valued distributions on such initial data,
the values being linear variational operators in Gelfand-Kree nuclear
triples. In Schroedinger footsteps, quantization of a time-preserved energy-
mass functional on the nuclear space of the initial data is treated as an
eigenvalue problem for the variational Yang-Mills(-Weyl) energy-mass
variational operator.
• The energy-mass functional is the time component of the relativistic
enegy-momentum vector, and therefore is not a relativistic invariant.
However, qualitatively, the theory does not depend on a choice of rela-
tivistic coordinates.
• The spatial cutoffs of Yang-Mills(-Weyl) energy-mass variational oper-
ators are self-similar with respect to the squared dimensionally trans-
muted coupling constant (the scaling renormalization).
Their self-similar spectra are bounded from below sequences of eigenval-
ues converging to infinity. In agreement with the Yukawa principle, they
have positive mass gaps.
The fundamental Yang-Mills vacuum eigenvalue is a simple zero.
• As the dimensionally transmuted coupling constant goes to zero, the
Yang-Mills(-Weyl) mass gap converges to zero (asymptotic freedom).
• The Yang-Mills(-Weyl) variational operators are local since their symbols
are local polynomial functionals.
The coherent matrix elements of the variational operators corresponds to
the correlation functions.They are expanded into Taylor sesqui-holomorphic
series of polynomial coherent matrix elements
Acknowledgments. The arXiv.org site has helped greatly. Versions of my
arXiv preprints originated in 2009-10 respond to the ensuing criticism, espe-
cially by L. Faddeev, Cl. Taubes, and A. Neumaier. I am also grateful to M.
Agranovich and M. Frasca for their moral support.
The results have been partially reported in plenary talks at the Moscow
International Conference on the occasion of 90th Anniversary of M.I. Vishik
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(2012), the Moscow 3d International Conference ”Theoretical Physics and
its Applications” (2013), and published in Russian Journal of Mathematical
Physics, Vol. 21, No. 2, 2014, pp.169-188, and Vol. 21, No. 3, 2014, pp.326-
328.
1.2 Outline
Section 2. Classical Yang-Mills equations in the temporal gauge and the first
order formalism. Ladyzhenskaya principle: by finite speed propagation,
global solutions of the Cauchy problem for non-linear (!) hyperbolic
equations are generated by solutions with compactly supported initial
data. Rectification of the infinite-dimensional manifold of constraints
for initial data with compact supports. Further reduction to to trans-
verse solutions of the constraint equations. Massless spinor lark fields as
solutions of chiral Yang-Mills-Weyl equations.
Section 3. A review of sesqui-holomorphic Fock Kree-Gelfand nuclear triple
over a complex Gelfand nuclear triple with conjugation.
Following nonlinear quantization program of I. Segal (see, e.g., segal[48]
2), along with Bogoliubov-Shirkov-Schwinger quantization postulate (cp.
bogoliubov-shirkov [11, Chapter II]), Noether’s energy-mass functional
of constrained initial data (supported by a ball B of a radius R > 0)
is quantized as a variational operator in the sesqui-holomorphic Fock
Kree-Gelfand nuclear triple over a complex Gelfand nuclear triple with
conjugation of the transverse YMW initial data.
Calculus of functions of creation and annihilation operators with finite
degrees of freedom (see agarwal-wolf[1]) is generalized to a sesqui-
holomorphic calculus of variational operators in Kree-Gelfand triples.
Quantized Galerkin approximation of variational operators by pseudod-
iffedrential operators on Rn as n → ∞ allows not only the calculus
generalization but also provides a computational techniques for solution
of variational equations (cp. dynin[20]).3
Section 4. If a semibounded from below selfadjoint operator has resolvent
relatively compact with respect to a von Neumann algebra with a reg-
ular trace, then its spectrum is a sequence of eigenvalues converging
to +∞ and the spectral orthogonal projectors are of the relative trace
class. This entails main Theorem 4.2 about the spectrum of the varia-
tional Yang-Mills-Weyl energy-mass operator via specially constructed
2Segal conceived his program in response to mathematical difficulties of Heisenberg non-
linear quantum field theory
3This is a rigorous justification of gelfand-minlos[27].
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von Neumann algebra. Furthermore, the spectrum is selfsimilar in the
inverse proportion to the radius R of the confining ball B(R).
Appendix A shows that the fundamental spectral value of a cutoff quan-
tum Yang-Mills energy-mass operator is the simple zero eigenvalue with
the vacuum eigenvector. The direct proof (without von Neumann alge-
bras) is based on the domination over the number operator (with simple
fundamental eigenvalue) and the standard spectral variational principle.
Appendix B sketches the proof by Ladyzhenskaya method that the global
solutions of the Cauchy problem for classical Yang-Mills-Weyl equations
exist and are generated by global solutions with compactly supported
Cauchy data.
2 Classical Yang-Mills-Weyl dynamics
2.1 Yang-Mills fields
The global gauge group G of a Yang-Mills theory is a connected semi-simple
compact Lie group with the Lie algebra g.
The Lie algebra carries the adjoint representation Ad (g)X = gXg−1, g ∈
G,X ∈ g, of the group G and the corresponding selfrepresentation ad(X)Y =
[X,Y ], X, Y ∈ g. The adjoint representation is orthogonal with respect to the
positive definite Ad-invariant scalar product
X · Y := −trace(adXadY ), (1)
the negative Killing form on g.
There exists an orthonormal basis {Xk} in g such that4
[Xi,Xj ] = cijkXk, (2)
with the structure constants cijk are skew-symmetric with respect to inter-
changes of all three indices i, j, k. Let the Minkowski space M be oriented
and time oriented with the Minkowski metric signature (−1, 1, 1, 1). In a
Minkowski coordinate system xµ, µ = 0, 1, 2, 3 the metric tensor is diagonal.
In the natural unit system, the time coordinate x0 = t. Thus (xµ) = (t, xi), i =
1, 2, 3.
The local gauge group G˜ is the group of infinitely differentiable G-valued
functions g(x) on M with the pointwise group multiplication. The local gauge
4Summation over repeated indices is presumed throughout this section.
6
Lie algebra g˜ of g-valued functions on M with the pointwise Lie bracket. con-
sists of infinitely differentiable g-valued functions on M with the pointwise Lie
bracket.
G˜ acts via the pointwise adjoint action on G˜ and correspondingly on A,
the real vector space of gauge fields A = Aµ(x) ∈ g˜.
Gauge fields A define the covariant partial derivatives
∂AµX := ∂µX − ad(Aµ)X, X ∈ G˜. (3)
This definition shows that in the natural units gauge connections have the
mass dimension 1/[L].
Any g˜ ∈ G˜ defines the affine gauge transformation
Aµ 7→ Ag˜µ : = Ad (g˜)Aµ − (∂µg˜)g˜−1, A ∈ A, (4)
so that Ag˜1Ag˜2 = Ag˜1g˜2 .
Yang-Mills curvature tensor F (A) is the antisymmetric tensor5
F (A)µν := ∂µAν − ∂νAµ − [Aµ, Aν ]. (5)
The curvature is gauge invariant:
Ad (g)F (A) = F (Ag), (6)
as well as Yang-Mills Lagrangian
(1/4)F (A)µν · F (A)µν . (7)
The corresponding gauge invariant Euler-Lagrange equation is a 2nd order
non-linear partial differential equation ∂AµF (A)
µν = 0, called the Yang-Mills
equation
∂µF
µν − [Aµ, Fµν ] = 0. (8)
Yang-Mills fields are solutions of Yang-Mills equation.
2.2 First order formalism
In the temporal gauge A0(t, x
k) = 0 the 2nd order Yang-Mills equation (8) is
equivalent to the 1st order hyperbolic system for the time-dependent Aj(t, x
k),
Ej(t, x
k) on B (see, e.g., goganov-kapitanskii [30, Equation (1.3)])
∂tAk = Ek, ∂tEk = ∂jF
j
k−[Aj, F jk ], F jk = ∂jAk−∂kAj−[Aj, Ak]. (9)
5The dimensionless Yang-Mills coupling γ2YM is set to 1
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and the constraint equations
[Ak, Ek] = ∂
kEk, i.e. ∂k,AEk = 0. (10)
By goganov-kapitanskii [30], the evolution system is a semilinear first order
partial differential system with finite speed propagation of the initial data, and
the initial problem for it with constrained initial data at t = 0
ak(x) := A(0, xk), ek(x) := E(0, xk), ∂
kek = [ak, e,k ] (11)
is globally and uniquely solvable in local Sobolev spaces on the whole Minkowski
space M (with no restrictions at the space infinity.)
This fundamental theorem has been derived via Ladyzhenskaya 1949 method
(see [30]) by a reduction to the case of initial data on 3-dimensional balls
B = B : |x| < R.
If the constraint equations are satisfied at t = 0, then, in view of the evo-
lution system, they are satisfied for all t automatically. Thus the 1st order
evolution system along with the constraint equations for initial data is equiv-
alent to the 2nd order Yang-Mills system. Moreover the constraint equations
are invariant under time independent gauge transformations.
Consider the chain of Hilbert spaces As,−∞ < s < ∞, of (generalized)
connections a(x) that are completions of connections with compact supports
in open balls B of radius R with respect to the norms
|a|2s :=
∫
B
dx
(
a · (1−△)sa) <∞. (12)
They define the real Gelfand nuclear triple (cp., e.g., [27])
A : A :=
⋂
As ⊂ A0 ⊂ A∗ :=
⋃
As, (13)
where A is a nuclear countably Hilbert space with the dual A∗.
Similarly we define the chain of Sobolev-Hilbert spaces Ss,−∞ < s < ∞,
of (generalized) scalar fields u(x) on B with values in Ad G and the Hilbert
norms |u|s. Let
S : S :=
⋂
Ss ⊂ S0 ⊂ S∗ :=
⋃
Ss (14)
be the corresponding Gelfand triple.
Let a ∈ As+3, s ≥ 0. Then, by Sobolev embedding theorem a is contin-
uously s + 2-differentiable on B and, therefore, the following gauged vector
calculus operators are continuous:
• Gauged gradient grada : Ss+1 → As,
gradaku := ∂ku− [ak, u]. (15)
• Gauged divergence diva : As+1 → Ss,
diva b := divb− [a; b], [a; b] := akbk. (16)
• Gauged curl curla : As+1 → As,
curlab := curl b− [a ×, b], [a ×, b]i := εijk [aj , bk]. (17)
• Gauged Laplacian △a : Ss+2 → Ss,
△au := diva(gradau). (18)
The adjoints of the gauged operators are
(grada)∗ = −diva. (19)
Lemma 2.1 If a ∈ As+3, s ≥ 0, then the operator diva : As+1 → As is
surjective.
proof Let S˚s+2, s ≥ 0, denote the closure in Ss+2 of the space of a’s with
compact support in the interior of B. The conventional Laplacian△0 : S˚s+2 →
Ss is an isomorphism (see, e.g., agranovich[2]).
The gauged Laplacian△a differs from the usual Laplacian△0 by first order
differential operators, and, therefore is a Fredholm operator of zero index from
S˚s+2 to Ss, s ≥ 0.
If △au = 0 then then (△au)∗u = (grada u)∗(grada u) , so that gradu =
[a, u]. The computation
(1/2)∂k(u · u) = (∂ku · u) = [ak, u] · u = −trace(akuu− uaku)] = 0 (20)
shows that the solutions u ∈ S˚s+2 are constant. Because they vanish on the
ball boundary, they vanish on the whole ball. Since the index of the Fredholm
operator △a is zero, its range is a closed subspace with the codimension equal
to the dimension of its null space. Thus the operator divagrada is surjective,
and so is diva. qed
2.3 Transverse Yang-Mills fields
Consider the bundles Cs, s ≥ 0 of constraint initial data with the base A and
the null spaces Es+1a of the operators diva : Es+1 → Es as fibers over a ∈ A.
Their intersection C is a bundle of nuclear countably Hilbert spaces over
the nuclear countably Hilbert base A. Together with the unions of the dual
spaces C−s they form a bundle of nuclear Gelfand triples C over the same base.
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Theorem 2.1 The bundle C is smoothly 6 trivial, so that the total space of C
is smoothly isomorphic to the direct product of its base A and the fiber Ca=0,
the nullspace of the operator div in E.
proof For 0 ≤ s ≤ ∞ consider the mapping
f : As+2 × Es+1 → As, f(a, e) := diva(e) (21)
Sobolev imbedding theorem shows that the mapping is continuous. Lemma 2.1
implies that the continuous partial Frechet derivatives ∂ef(a, e) are bounded
linear operators onto a fixed Hilbert space T (s), the orthogonal complement
of constant a’s. continuously dependent on the parameter a ∈ As+2. The
restrictions of ∂ef(a, e) to the orthogonal complements of the null spaces of
diva are one-to-one. By the implicit function theorem on Hilbert spaces (see,
e.g., [37]), this implies that the explicit solutions e = e(a) of the equation
f(a, e) = 0 provide infinitely smooth local trivializations of Hilbert bundles
Cs.
Their intersection C = ∩Cs is a locally trivial C-bundle over A with the
associated locally trivial bundle of smooth ∗-orthonormal frames in the fibers.
Since A is a Frechet space, its smooth homothety retraction to the origin
a = 0 has a homotopy lifting to the frame space. Thus the bundle C is trivial,
so that the total set of constraint initial data carries the global chart A× Ca=0.
qed
Let A˙s and E˙s denote the nullspaces of the operator div in As and Es.
By dell’antoniio-zwanziger[22], the closures of smooth gauge orbits in
H0 := A0 intersect A˙0. These closures are the orbits of the Sobolev group,
the closure in Sobolev space W 1,2(B) of the group of smooth gauge trans-
formations. (This Sobolev group is a topological group of continuous trans-
formations in A0.) Thus H0 := A˙0 × E˙0 is a quasi-gauge for the orbifold of
the direct product of the parallel transports (i.e. every (a, e) ∈ H0 is on an
orbit but some orbits may intersect H0 more than once (cp. singer[51] and
narasimhan-ramadas[40]).
The Noether Yang-Mills energy-mass functional of transverse YM fields is
(see hatfield[32, Equation (8.9) with m0 = 0] )
Y =
1
2
∫
B
dx
(
(curla− [a ×, a]) · (curla− [a ×, a]) + e · e) ≥ 0, (22)
where [a ×, a] is the vector field with the i-th components εijk[aj , ak].
6In this paper, smooth = infinitely differentiable.
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2.4 Larks
The real Clifford geometric algebra Clif(1, 3) (see, e.g., [19]) is generated by relativistic
vectors v of Minkowski time-space R1,3 with its Lorentz quadratic form of signature
(+,−,−,−). We use the notation (t = x0, x = xk), k = 1, 2, 3, for relativistic
coordinates xµ in a Lorentz frame with the corresponding Lorentzian orthonormall
basis v0, v1, v2, v3 for R
1,3 ). (In the associated vector components, vν = v
µ
ν so that
we have a Clifford representation of Dirac matrices.)
The complexification R1,3 ⊗ C is polarized as the direct sum of P := Span(v2 −
iv0, v3− iv1) and its complex conjugate P ∗ := Span(v2+ iv0, v3+ iv1). Both complex
subspaces are isotropic and antidual with respect to the bilinear complex Lorentz
form. Left and right Weyl spinor spaces over R1,3 are isomorphic as Clifford modules
to the 2-dimensional mutually anti-dual Grassmann algebras Gras(P ) and Gras(P ∗)
with Clifford action c(v) of relativistic 4-vectors v on Ψ ∈ Gras(P ) by left exterior
products with projections vP and right interior products with projections vP∗ and the
adjoint action c∗(v) on Ψ∗ ∈ Gras(P ∗) (cp. berline-getzler-vergne[10, Proposi-
tion 3.19]). The complex conjugation Ψ 7→ Ψ∗ amounts to the change in both time
and space orientations and thus is the particle-antiparticle conjugation.7
Larks Λ are coloredWeyl spinors smooth fields on the Minkowski space, i.e. vector
fields Λµ(x) ∈ g⊗R Cn, where Cn carries a unitary representation of G (and then of
g). The actions of G and g on Cn shall be denoted as z 7→ gz and z 7→ Az.
Yukawa classical self-interaction of larks is governed by the massless gauge invari-
ant relativistic Yang-Mills-Weyl (YMW) Lagrangian
LYMW(A,Λ) = LYM(A) + LW(A,Λ), (23)
the sum of the Yang-Mills Lagrangian LYM(A)(7) and the gauged Dirac Lagragian
LW(A,Λ) := (1/2)Λ∗c(vν)∂νAΛ.
In the first order formalism and the global temporal gauge A00(t,X) = 0 the
Euler-Lagrange YMW equations for time-dependent fields on the initial euclidean
space R3 split into the coupled Yang-Mills and gauged Dirac evolution systems
∂tAk = Ek, ∂tEk = ǫ
ijk∂iAFjk + Λ
∗c(vk)A
kΛ, ∂tΛ = c(v
k)∂kAΛ, (24)
with the initial data
a(xk) ≡ A(0, xk), e(xk) ≡ E(0, xk), λ(xk) ≡ Λ(0, xk), (25)
subject to the coupled constraint equations (cp. choquet-bruhat, christodoulou[13,
Equation (4.4)] and schwarz-s´niatycki[47, Equation (1.5)])
∂kae
k = (λ∗aλ) · a. (26)
Furthermore, by choquet-bruhat, christodoulou[13] and schwarz-s´niatycki[47],
the Cauchy problem for evolution YMW equations are well posed with the initial
7 ”The particle-antiparticle conjugation operation [...] must not be confused with the
charge conjugation operation [...] which, by denition, flips all the charge-like quantum num-
bers of a field (electric charge, baryon number, lepton number, etc.) but leaves all the other
quantum numbers (e.g., chirality) intact.” ( akhmedov[3, Page 8])
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data in local Sobolev spacesWs
loc
(R3), i.e. has the unique solutions a(t), e(t), λ(t) ∈
Ws
loc
(R1,3), continuous with respect to the Ws
loc
(R3)-norms.8 In particular, the local
initial data at t = 0 parametrize global larks fields (with no restrictions at the spatial
infinity). Actually, there is no blow-up. See the Appendix B for a sketch of the proof.
The Noether Weyl energy-mass functional
W (λ) =
1
2
∫
B
dx λ∗c(vk))i(∂
k
a )λ. (27)
The functional W (λ) is real valued (cp. weinberg[55, Section 7.5, page 323]) since
λ∗c(vk)i∂
k
aλ+ i(λ
∗∂kaλ)
∗ = i∂ka(iλ
∗c(vk)iλ).
The Noether colored energy-mass functionalM(λ) of larks is the sum of the gauge
energy–mass functional Y (a, e) and real gauged Weyl energy-mass functional
Wa(λ) =
1
2
∫
B
dx λ∗c(vk)i∂
k
aλ. (28)
3 Operator calculus
3.1 Review of Kree-Gelfand triples
Consider a Gelfand triple of densely imbedded complex topological spaces with con-
jugation (see, e.g., gelfand-vilenkin[28])
H ⊂ H0 ⊂ H∗, (29)
where
• The Frechet space H, with a Hermitian conjugation ζ 7→ ζ∗ of elements ζ, is
a nuclear countably Hilbert space, i.e. the topological intersection (the inverse
limit) of a countable nested family of Hilbert spaces
⋂Hn n ≥ 0,Hn+1 ⊂
Hn, where the imbeddings are nuclear mappings with dense ranges (see e.g.
gelfand-vilenkin[27]). The imbeddings commute with the conjugation.
• The space H0 is a Hilbert space and with the Hermitian sesqui-linear form ζ∗w
(the notation is bracketless as, e.g., in berezin[6]).
• The space H∗ of elements ζ∗ is the anti-dual space of H of continuous anti-
linear functionals ζ∗w on Hn, i.e the topological union (the direct limit) of the
antidual Hilbert spaces Hn∗ ⊂ Hn+1 with the induced Hermitian conjugation.
Kree-Gelfand nuclear triple (kree [34] and [35]) is a sesqui-holomorphic second quan-
tization of the Gelfand triple H,
K ⊂ K0 ⊂ K∗, (30)
where
8The papers [13] and [47] use different gauges, but any gauge is locally equivalent to the
temporal gauge (see segal[49]).
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• The nuclear space K∗ is the locally convex space of entire holomorphic func-
tionals Ψ(ζ) on H with the topology of compact convergence.9
• The space K0 is the Hilbert space of square integrable entire holomorphic func-
tionals onH∗ with respect to the Minlos-Gauss probability measure dζ∗dζe−ζ∗ζ
(see, e.g., gelfand-vilenkin[27]).
〈 Ψ∗ | Φ 〉 :=
∫
dζ∗dζ e−ζ
∗ζ Ψ(ζ)Φ(ζ∗), Ψ∗,Φ ∈ K, (31)
where Ψ(ζ) is the complex conjugate of Ψ(ζ∗).
The notation is ambiguous because there is no Lebesgue measure dζ∗dζ on the
infinite-dimensional space H∗. However the integral is the convergent limit of
finite-dimensional integrals over p(H∗), where p : H∗ → H are selfadjoint (aka
orthogonal) projectors of a finite rank r(p)
(2πi)−r(p)
∫
(dr(p)ζ)∗(dr(p)ζ)e−((pζ)
∗(pζ)) Ψ∗(pζ)Φ(pζ∗),
as the projectors p strongly converge inH to the identity operator (cp. berezin[6,
Chapter 1, Section 2]).
Functionals Ψ∗(pζ), Φ(pζ∗) are cylindrical functionals of the rank of p. They
form dense subspaces in H and H∗.
• The nuclear countably Hilbert space K is the space of entire holomorphic func-
tionals Ψ(ζ∗) on H∗ of the first order exponential growth on any Hn∗.
Actually, K is the space of continuous anti-linear functionals Φ on K∗, in Dirac
bra-ket notation inherited from (31)
Φ(Ψ∗ ) := 〈 Ψ∗ | Φ 〉 = : Ψ(Φ) (32)
(By its nuclearity, K is reflexive).
Coherent states ez(ζ∗) := eζ
∗z, z ∈ H are in K and have the following well known
basic property10
• The linear span of ez, z ∈ H, is dense in K, and, therefore, in K0 and K∗.
• 〈 ez | ew 〉 = ez∗w.
• The coherent Fourier transform11 of Ψ∗(z)
Ψ∗(ζ) 7→ Ψ(z) := e−z∗z〈 Ψ∗ | ez 〉, Φ(ζ∗) 7→ Φ(z∗) := e−z∗z〈 ez∗ |Φ 〉 (33)
is a topological automorphism of K∗ and K, unitary on K0.
9An entire holomorphic functional on a locally convex space is a continuous functional
that is entire on any complex line in the space (see e.g. colombeau[14]).
10For starters they are straightforward on cylindrical states and then, by strong limits, are
extended to all states (cp. e.g. [20]
11aka, the Borel transform, cp. colombeau[14, Chapter 7])
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• The coherent Fourier transform intertwines the operators of the directional
differentiation ∂z and multiplication with 〈 ζ | z 〉 on K∗, and the operators of
the directional differentiation ∂∗z and multiplication with 〈 z | ζ∗ 〉 on K.
By Grothendieck kernel theory, the nuclearity of the Kree-Gelfand triples implies
that the locally convex vector space of continuous linear operators K → K∗ is topolog-
ically isomorphic to the complete sesqui-linear tensor products K∗⊗ K∗ over ∗H×H
of the pairs (z∗, w) subject to the Hermitian conjugation (z∗, w)∗ := (z, w∗).
The corresponding coherent functionals are
e(z
∗,w)
(
(ζ∗, η)∗
)
= ez
∗ζ+η∗w. (34)
3.2 Variational operators
The spaces H and H∗ have the linear representation by continuous linear transfor-
mations into the operators of creation and annihilation continuous operators of mul-
tiplication and complex directional differentiation in K and in K∗(
zˆΦ
)
(ζ∗) := (ζ∗z)Φ(ζ∗),
(
ẑ∗Φ
)
(ζ∗) :=
(
∂z∗Φ
)
(ζ∗), (35)(
ẑ∗Ψ
)
(ζ) := (z∗ζ)Ψ(ζ),
(
zˆΨ
)
(ζ) :=
(
∂zΨ
)
(ζ), (36)
such that
• The adjoint of a creation operator is the annihilation operator
zˆ† = ẑ∗ (37)
• Bosonic commutation relations hold
[ẑ∗, wˆ] = z∗w; (38)
• The coherent states ez, z ∈ H are the eigenstates of the annihilation operators
ẑ∗ew = (z∗w)ew , zˆew
∗
= (w∗z)ew. (39)
Creators and annihilators generate strongly continuous abelian operator groups
in K parametrized by z and z∗:
ezˆΨ(ζ∗) = eζ
∗z Ψ(ζ∗), eẑ
∗
Ψ(ζ) = Ψ(ζ∗ + z∗). (40)
Thus the operator products ezˆeŵ
∗
and eŵ
∗
ezˆ are invertible continuous operators in
K.
By Baker-Campbell-Hausdorff commutator formula and the canonical commuta-
tion relations (38),
ezˆeŵ
∗
= ezˆ+ŵ
∗
ez
∗w/2, eŵ
∗
ezˆ = ezˆ+ŵ
∗
e−z
∗w/2. (41)
Therefore the operator ezˆ+ŵ
∗
is also continuous and invertible in K.
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As in agarwal-wolf[1] in finite dimensions12, one quantizes the sesqui-linear
coherent Fourier transform of M ∈ K∗ ⊗K∗
M(z∗, w) = 〈 M(ζ∗, η) | |(z∗, w)〉(ζ∗, η)〉 (42)
as continuous normal, Weyl, anti-normal variational operators from K to K∗ defined
by their coherent matrix elements
〈 z | M̂ν | w 〉 :=
〈
Mν(ζ
∗, η)
∣∣ 〈 z| ezˆeŵ∗ | w 〉(ζ∗, η) 〉, (43)
〈 z | M̟̂(ζ∗, η) | w 〉 :=
〈
M̟(ζ
∗, η)
∣∣ 〈 z | ezˆ+ŵ∗ | w 〉(ζ∗, η) 〉, (44)
〈 z | M̂α | w 〉 :=
〈
Mα(ζ
∗, η)
∣∣ 〈 z | ezˆ∗eŵ | w 〉(ζ∗, η) 〉. (45)
The functionalsMν M̟, Mα are normal, Weyl, and anti-normal co-kernels of M̂ν , M̟̂, M̂α.
Proposition 3.1 Any M ∈ K∗ ⊗K∗ is the normal co-kernel of a unique continuous
linear operator Q : K → K∗.
Any continuous linear operator Q : K → K∗ has a unique normal co-kernel
MQν (z
∗, z) = 〈z |Q| w 〉.13.
proof The coherent kernel of the operator ezˆeŵ
∗
: K → K
〈 ez∗ | ezˆeŵ∗ | ew 〉 = 〈 ez∗ζ |eζ∗z+w∗ηew∗w 〉 = ez∗ζ+η∗wez∗z+w∗w, (46)
i.e. the co-kernel of ezˆeŵ
∗
is ez
∗ζ+η∗w, the coherent state (34).
Therefore, by (43), any M(ζ∗, η) ∈ K∗⊗K∗ is a normal co-kernel of a continuous
linear operator K → K∗, and vice versa any continuous linear operator K → K∗ has
a (unique) normal co-kernel Mν(ζ
∗, η) ∈ K∗ ⊗K∗. qed
Corollary 3.1 Any continuous operator Q : K → K∗ has unique Weyl and anti-
normal co-kernels MQ̟ (z
∗, z), MQα (z
∗, z).
proof eθˆeŵ
∗
, ezˆ+ŵ
∗
are invertible in K. qed
Corollary 3.2 Any continuous operator Q : K → K∗ has a strongly convergent ex-
pansion into a power series of zˆj ẑ∗
k
, j + k ≥ 0 defined by a unique Taylor series
expansion of its sesqui-entire Grothendieck kernel.
Mν , M̟ andMα are the normal, Weyl and anti-normal co-kernels of the correspond-
ing operators and, by (41), belong to K∗⊗K∗. As sesqui-holomorphic functionals they
have convergent Taylor expansions into homogeneous (their n-th differentials), so that
the operators
M̂ν =:Mν(ẑ∗, zˆ), M̟̂ =:M̟(ẑ∗, zˆ), M̂α =:Mα(ẑ∗, zˆ) (47)
12The paper [1] is a formal operator algebra in terms of phase space c-equivalents of
operator functions. The present papers provides, in particular, a rigorous functional analysis
content (cp. dynin [20] for a preliminary version).
13Cp.berezin[8, Equation (1.7)]
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are strongly converging series of the corresponding quantizations of the n-th differen-
tials (cp. Berezin generating functionals [6]).
In view of the uniqueness of Taylor coefficients, the sesqui-entire functionals are
uniquely defined by their restrictions to the real diagonal
ℜ(H∗ ×H) = {(z∗, z) : z∗ is the Hermitian conjugate of z}. (48)
Thus the normal symbol of the operator Q
σQν (z) :=Mν(z
∗, z), (z∗, z) ∈ ℜ(H∗ ×H), (49)
exists and defines Q uniquely.
Similarly, the restrictions ofMQ̟ (z
∗, z) andMQα (z
∗, z) to the real diagonal ℜ(H∗×
H) define the Weyl and anti-normal symbols Weyl and anti-normal symbols σQ̟(z)
and σQα (z) of Q.
The symbols are real analytic functionals of (ℜz,ℑz) on H that have a unique
extension to H∗ × H in K∗ ⊗ K. Thus each of the symbols defines Q uniquely.
Correspondingly,
M̂ν = σν(ẑ∗, zˆ), M̟̂ = σ̟(ẑ∗, zˆ), M̂α = σα(ẑ∗, zˆ), (50)
where z∗ is the conjugate of z ∈ H.
Since the coherent Fourier transform intertwines the operators of differentiation ∂z
and ∂z∗ with operators of multiplication with the linear forms ζ and ζ
∗, the equations
(41)) the symbols of the same operator Q are related by (41) as
σQν (z) = e
−(1/2)∂
z
∗∂z σQ̟(z), (51)
σQ̟(z) = e
−(1/2)∂
z
∗∂z σQα (z), (52)
σQν (z) = e
−∂
z
∗∂z σQα (z). (53)
(cp. agarwal-wolf[1, formulas (5.29), (5.30), (5.31), page 2173] in a finite-dimensional
case; dynin [20]) in white noise calculus.)
The co-kernel extension of a real symbol is invariant under the complex conjuga-
tion, so that
σν(ẑ∗, zˆ)
† = σν(ẑ∗, zˆ), σ̟(ẑ∗, zˆ)
† = σ̟(ẑ∗, zˆ), σα(ẑ∗, zˆ)
† = σα(ẑ∗, zˆ) (54)
are symmetric operators from K to K.
Proposition 3.2 Let H0 = L2(B) over a ball B : ‖x‖ ≤ R in a euclidean space Rn,
and H be the nuclear Frechet space, the closure of infinitely differentiable functions
z∗(x) with compact support in B.
Consider a local sesqui-polynomial functional on H
σα(z
∗, z) :=
∫
B
dnxP (z∗(x), z(x)), (55)
where P (z∗, z) is a polynomial with constant coefficients.
Then σα(ẑ∗, zˆ) is a continuous linear operator from K to K.
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proof Let Φ(z∗) be the coherent Fourier transform 〈 Φ | eζ∗ 〉 of Φ(ζ). Then the
coherent Fourier transform of σ(ẑ∗, zˆ)Φ is
〈 σα(ẑ∗, zˆ)Φ | eζ 〉 = 〈 Φ | σν(ẑ∗, zˆ)eζ 〉 =
〈 Φ |
∫
B
dnxP (ez
∗(x)ζ(x), ez(x)+ζ(x) 〉.
Since P (ez
∗(x)ζ(x), ez(x)+ζ(x) is a sesqui-holomorphic function uniformly on B, the
coherent Fourier transform belongs to K, and so is σα(ẑ∗, zˆ)Φ. qed
Corollary 3.3 If the anti-normal symbol σα(Q) is a non-negative loclal polynomial
functional then, by Theorem 3.2, the operator Q in K is non-negative, and as such
admits Fridriechs extension to a selfadjoint non-negative operator in K0.
3.3 Quantized Galerkin approximations
A Galerkin sequence pn, j = 1, 2, ..., is an increasing sequence of selfadjoint projectors
of rank n from H∗ to H that strongly converge to the identity operator in H. The
finite-dimensional projectors induce the quantized Galerkin sequence
PnΨ(ζ
∗) := Ψ(pnζ
∗), PnΨ(ζ) := Ψ
∗(pnζ) (56)
of infinite-dimensional projectors in the triple K onto cylindrical triples isomorphic
to the pulled back sesqui-entire triples over the tautological finite-dimensional triple
Cn ⊂ Cn ⊂ Cn.
By Proposition 3.1, the compressions of operators PnQPn := PnQPn of Q are
cylindrical pseudodifferential operators with the coherent Grothendieck kernels,
〈 z | PnQPn | w 〉 = 〈 epnz | Q | epnw 〉, (57)
i.e. pullbacks from Cj of finite-dimensional pseudodifferential operators of agarwal-
wolf[1].
Theorem 3.1 Operator Q is the strong limit of the cylindrical pseudodifferential
operators PnQPn on K.
proof The matrix element 〈Ψ∗|Q|Φ〉 is a separately continuous sesquilinear form on
the Frechet space K. By a Banach theorem (see, e.g., [45, v.1,Theorem V.7]), the
sesquilinear form is actually continuous on K. In particular, operator Q is the weak
limit of PnQPn in K. Since K is a nuclear space, the weak convergence implies the
strong one in the topology of K. qed
As n→∞, the matrix elements
〈 z | PnQPn | w 〉 = 〈 epnz∗ | Q | epnw 〉 −→ 〈 z | Q | w 〉, (58)
so that symbols of the cylindrical Qν converge to the corresponding symbols of Q.
This allows to extend to variational operators important results of finite-dimensionalf
pseudodifferential theory. In particular, we get the following extensions for sufficient
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operator positivity tests of berezin [7, Theorem 6] for anti-normal pseudodifferential
operators and of howe[33, Theorem 3.2.1] for Weyl pseudodifferential operators14
Proposition 3.3 Any tame operator Q : K → K0 is a diagonal compression of the
multiplication with its anti-normal symbol (cp. berezin[8, Equation (1.5)])
ΠσQα (z
∗, z)Π, Π : L2(H∗)→ K0, (59)
where Π is the orthogonal projector onto K0 from the space of all square integrable
functionals on H∗ with respect to the Minlos-Gauss probability measure. The projector
Π has the Grothendieck kernel ez
∗w (cp. folland[26, Chapter 2, Section 7]).
Theorem 3.2 If the anti-normal symbol σQα or the Weyl symbol σ
Q
̟ of an operator
Q in K are nonnegative functionals on H then Q is a non-negative and symmetric
operator.
4 Relative compactness
A von Neumann algebra (vNa) N is an algebra of bounded operators in a (separable)
complex Hilbert space H0 such that its second commutant ((N ′))′ = N . Thus N is
an unital algebra with a conjugation Q∗ := Q† closed in the weak operator topology
(see, e.g. takesaki[54]).
The von Neumann algebrasN under consideration carry a regular trace, i.e. faith-
ful normal semi-finite trace ρ (see e.g. takesaki[54, Definition V.2.1]), i.e. ρ is an
additive homogeneous positive function with values in [0,+∞] on the unitary conju-
gacy classes of non-negative operators T ∈ N such that
• ρ(T ) = 0 if and only if T = 0,
• ρ commutes with the supremum operation,
• For every S > 0 in N there is a operator such that 0 < T < S.
examples of regular traces: (a) the operator trace tr(T ) on the vNa of all bounded
linear operators T in a Hilbert space, and (b) the Lebesgue integral on the vNa
L∞(Rn) of multiplicators with bounded measurable functions in the Hilbert space
L2(Rn).
A selfadjoint operator A in H0 is adopted to N if its resolvent (λ−A)−1 is witin
N
The relative trace class {Q ∈ N : ρ(Q) <∞} is the two-sided ideal weakly dense
in N . Its norm closure is the two-sided ideal of relative ρ-compact operators in H0.
Proposition 4.1 Suppose a vNa N has a regular trace ρ. Let an unbounded selfad-
joint operator A in H0 be bounded from below and adopted by N .
If resolvents of A are ρ-compact, then its spectrum is a sequence of eigenvalues
converging to infinity.
14By Paley-Wiener theorem, Howe’s symbolic calculus is unitarily equivalent to the sesqui-
holomorphic one in the case of finite dimensions.
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proof By ovchinnikov [42, Theorem 3], the non-zero spectrum of the relatively
compact operator adopted by a vNa with a regular trace ρ is a sequence of eigenvalues
that is either finite, or converges to 0. Furthermore, the orthogonal projectors to the
spectral subspaces corresponding to non-zero eigenvalues have finite traces. qed
There is the following relative version of variational Glazman Lemma (cp. berezin-
shubin[9, Appendix 1, Lemma 3.1]).
Lemma 4.1 Let A ≥ 0 be an essentially selfadjoint operator on a domain D with the
spectral decomposition P (λ), λ ∈ R, of the unit operator (strongly continuous from
the right: P (λ+ 0) = P (λ)), so that
A =
∫
dP (λ) λ, P (λ) ∈ N . (60)
Then the (possibly infinite) left limit
ρ(P (λ− 0)) = supP∈N {ψ∗PAPψ < λ : ρ(P ) <∞, Pψ ∈ D, ψ∗Pψ = 1}. (61)
proof Let λ(t) = sup{λ : ρ(P (λ)) < t} for t > 0. If the operator (1 + A)−1 is
relatively compact then, by grothendieck[31, Proposition 5] (proof in ovchinnikov
[41, Section 2]),(
1 + λ(t− 0))−1 = infP∈N {‖(1− P )(1 +A)−1(1− P )‖ : ρ(P ) = 1 + λ(t)}. (62)
qedLet two selfadjoint operators operators A1 and A2 be essentially selfadjoint on
a common domain D where 0 ≤ ψ∗A1ψ ≤ ψ∗A2ψ. Let P1(λ) and P2(λ) denote their
spectral decompositions of the unit operator. The operators are adopted with vNa
N , if their spectral projectors belong to N .
Proposition 4.2 If for some λ the operator P1(λ) has finite tau-trace, then P2(λ) is
n the relative trace class as well and ρ
(
P1(λ)
) ≤ ρ(P2(λ)). In particular, the spectra
of both A1 and A2 in the interval [0, λ) are finite sets.
proof This is the relative version of Corollary 1 in berezin-shubin[9, Appendix
1, Section 3]) in the classical case, where it follows from classical Glazmann lemma.
The same argument is working for the relative extension. qed
4.1 Free fermion field
In terms of Cook’s particle representation of a free fermion field (cp. baez-segal-
zhou [5, Chapter 2, Theorem 2.2]) over a Gelfand complex triple with conjugation
Hf ⊂ H0f ⊂ H∗f , (63)
the fermionic Kree-Gelfand triple
Kf =
∞⊕
n=0
K(n)f ⊂ K0f =
∞⊕
n=0
Kf0(n) ⊂ K∗f =
∞⊕
n=0
K∗(n)f (64)
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of the rank n antisymmetric tensors (over correspondingly Hf , H0f , H∗f ) carries the
differential quantization representation QC of (un)bounded operators C in H0f es-
sentially selfadjoint on a domain Hf . The representation is the direct sum QC =⊕
n≥0Q
(n)
C , where Q
(n)
C ) are uniquely defined by
Q
(n)
C (ψ1 ∧ . . . ∧ ψn) :=
⊕
j>0
ψ1 ∧ . . . ∧ ψj−1 ∧ (Cψj) ∧ ψj+1 ∧ . . . ∧ ψn,
ψ1, . . . , ψn ∈ Hf .
Thus the spectral projectors of selfadjoint extensions of C(n) belong to the vNa W ∗
tensor product B(H0)⊗P , where P is the commutative vNa generated by the orthog-
onal projectors P (n) : K0f → K0(n)f .
Let B(H0f) be the vNa of bounded linear operators in H0f and P be the commu-
tative vNa generated in K0 by the orthogonal projectors to K0n.
The vNa P is isomorphic to the vNa l∞ of bounded sequences ξ = {ξn}∞n=0 in the
Hilbert space of sequences {ξn}∞n=0 : ξ∗ξ =
∑∞
n=0 |ξn|2 <∞.
Thus the W ∗ tensor product B(H0f)⊗P carries the regular trace ρW uniquely
defined by
ρW(T⊗{ξn} := tr(T )
( ∞∑
n=0
ξn
)
. (65)
(Here tr(T ) denotes the standard operator trace on B(H0f).
Proposition 4.3 If C is an elliptic operator in H0 that is semibounded from below,
essentially selfadjoint and with compact resolvent then the quadratic operator QC is
a semibounded from below essentially selfadjoint operator in K0 and its spectrum is a
sequence of eigenvalues converging to +∞.
proof The essential selfadjointness of QC has been established already.
The compactness of the resolvent of the semibounded C entails the compactness
of the spectral projectors p of C in H0f .
Then equation(43) entails that the spectral projectors of Q−1C are relatively com-
pact operators in B(H0f)⊗P because as uniform operator limits of their relatively
compact representatives p⊗{1/n}∞1 in B(H0f)⊗l∞. qed
example: Let H0f be the complex Hilbert space ψ ∈ H0f of left lark fields ψ = ψL
on the ball B and C =W0. The the naked Weyl operator (where ψ denotes both left
and right lark fields)
W0(ψ) =
1
2
∫
B
dx c(vk)i∂
kψ. (66)
is essentially selfadjoint on the smooth lark fields with compact supports in the interior
of B. The operatorW0 is essentially selfadjoint and elliptic but not semibounded from
below. Following baez-segal-zhou[5, Page 165] we convert the multiplication with
the complex unit i on H0f into multiplication with i′ := isign(ψ∗W0ψ. The new
complex unit squares to −1, leaves invariant the Hermitian form ψ∗ψ, and therefore
retaining the fermionic commutation relations
ψ̂∗ψˆ + ψ̂∗ψˆ = ψ∗ψ, ψ∗, ψ ∈ H0f . (67)
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Now H0f splits into the direct sum H0+f ⊕ H0−f of Hilbert subspaces determined by
the sign(ψ∗W0ψ).
In the modified Weyl operator W′0 on H0f the complex unit i is replaced by i′.
Now W′0 is nonnegative and elliptic in H0f , so that its resolvent is relatively compact
in B(H0)⊗P . Then Propostition 4.3 entails
Proposition 4.4 The modified energy-mass operator QW′0 is essentially selfadjoint
in K0f and has the relatively compact resolvent in B(H0f )⊗P.
4.2 YM energy-mass operator
The anti-normal symbol Y (z∗, z) = Y (a, e) (22) is a non-negative local polynomial
functional on ℜ(H∗ × H∗). Then, by Corollary 3.2, the Yang-Mills energy-mass op-
erator Ŷα has a unique non-negative selfadjoint Friedrichs extension Y in K0. The
pointwise product a(x)b(x) of transverse fields is transverse, so that the nuclear space
A˙ is closed under the Lie bracket a(x)b(x) − b(x)a(x). Let U be the von Neumann
algebra (vNa) of operators in H0 generated by the adjoint representation of ˙˜G.
The transversity condition div a = 0 implies that a has a matrix vector potential
on B(R) so that curla is zero everywhere. Thus on transverse (a, e) the energy-mass
functional (22) is reduced to
Y (a, e) = (1/2)
∫
B
d3x
(
[a ×, a]) · [a ×, a] + e · e). (68)
The adjoint action preserves both integrand terms.
Proposition 4.5 The commutant U ′ of the algebra U is the center Z = U ∩ U ′ of
both U and U ′ isomorphic to the vNa L∞(B).
proof The algebra U is generated by operators
z(x) 7→ (Ad g(x))z(x), z ∈ H, g ∈ ˙˜G. (69)
These operators preserve zeroes of z on B, i.e.
{x : z(x) = 0} = {x : (Adg(x))z(x) = 0}.
Thus the Grothendieck kernel K(x, y) of the transformation (69) is a finite order
distribution on the diagonal {y = x}. Since the operator is bounded in the Hilbert
space H00, it is a multiplication with a continuous G-valued function. The function
commutes with all transformations (69). Since the adjoint representation of simple
Lie group G is irreducible and B is compact, the fundamental Schur commutator
lemma implies that z(x) is a bounded continuous scalar matrix function.
Finally, L∞(B) is the second commutant of the C∗-algebra of continuous scalar
funcions on B. qed
The space H0 as the Hilbert tensor product L2(B0 ⊗ Cg) (see(14)) carries the
W ∗ von Neumann tensor product (see takesaki[54, Chapter IV, Definition 5.1])
Z⊗B(Cg) of the center algebra Z and algebra B(Cg) of linear transformations of the
finite-dimensional vector space Cg.
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Let
K(Cg) ⊂ K0(Cg) ⊂ K∗(Cg) (70)
denote the Kree-Gelfand triple over the complexification of the finite-dimensional real
vector space g with the natural conjugation in Cg.
Central operators z ∈ Z act in K0(Cg) as zΨ(w∗) = Ψ(zw∗).
The vNa Z⊗B(K0(Cg)) in K0 carries the regular trace ρY uniquely defined by
ρY(z⊗T ) :=
∫
B
dx z(x)tr(T ), z ∈ Z = L∞(B), T ∈ B(K0(Cg)). (71)
Theorem 4.1 The Yang-Mills energy-mass operator Y is non-negative and essen-
tially selfadjoint on K. It is adopted by the vNa Z⊗B(K0(Cg)) and has ρY-compact
resolvent.
proof
• By (59), Y = ΠYΠ is the orthogonal compression to K0 of the mutiplica-
tion operator with its transverse anti-normal symbol Y (85) in L2(K∗). The
orthogonal projector Π has the coherent Grothendieck kernel ez
∗w. Both trans-
verse anti-normal symbol Y and Grothendieck kernel ez
∗w are conserved by
1⊗B(K0(Cg))-action, but neither is Z-covariant. Thus
Y = 1⊗Y#, Y# := Π#Y #Π# ∈ B(K0(Cg)) (72)
where Y # stands for the multiplication operator in L2
(K∗(Cg)) and Π# is
the orthogonal projection from L2
(K∗(Cg)) onto K(Cg) with the coherent
Grothendieck kernel exp(z#∗z#).
• The compression of the multiplication with non-negative Y is a non-negative
operator.
• By (52), the Weyl symbol σY̟ of the anti-normal Yang-Mills energy-mass oper-
ator Y is (
1 + (1/2)∂2/∂2a + (1/2)
2(∂2/∂2a)
2
)
Y #(a, e)
(73)
+
(
1 + (1/2)∂2/∂2e + (1/2)
2(∂2/∂2e )
2
)
e∗e.
The differential operator ∂2/∂2a is invariant under the orthogonal transformation
from a(x) to αki (x), so that, by simon[46, page 217]),
∂2/∂2aY
#(a, e) =
∫
B
dx (1/2)∂2/∂(αki (x))
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∑
k
(αki α
k
j cijk)
2(x). (74)
The sqew-symmetry of cijk implies that
∑
k α
k
i α
k
j cijk does not contain (α
k
i )
2.
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Then, by a Leibniz formula,
∂2/∂(αki )
2
∑
k
(αki α
k
j cijk)
2 = 2
(
∂2/∂(αki )
2
∑
k
(αki α
k
j cijk
)
(
∑
k
(αki α
k
j cijk
)
+ 2
(
∂/∂αki
∑
k
αki α
k
j cijk
)(
∂/∂αki
∑
k
αki α
k
j cijk
)
= 2
∑
ijkl
αki cijkα
l
jcljk(x) = 2a(x) · a(x). (See simon[46, page 217]).
Thus
∂2/∂2aY
#(a, e) = a∗a, and then (∂2/∂2a)
2Y #(a) = 2. (75)
Besides,
(∂2/∂e2)e∗e = 2,
(
∂2/∂2e
)2
e∗e = 0. (76)
Equations (73), (75), (76) show that the the Weyl symbol integrand of M̂α is
Y #(a, e) + (1/2) a∗a+ 3/2 = (1/2)
(
[a ×, a]) · [a ×, a] + a∗a+ e∗e+ 3)
> (1/2)(a∗a+ e∗e) = z∗z. (77)
• From (77) we get the inequality of the Weyl symbols integrands
σY
#
̟ (z
∗, z) > z∗z − 1/2 (51)= σY#̟ (z∗, z). (78)
The positive difference
σY
#
̟ − σN
#
̟ = (1/2)[a
×, a]) · [a ×, a] + 2
is the positive Weyl symbol integrand of a local polynomial operator Q. It
follows, by Proposition 3.2, that Q is positive so that
Y # ≥ N#, so that Y = 1⊗Y# ≥ 1⊗N#. (79)
The operator N# is a non-negative elliptic operator on the finite-dimensional
Cg. Then 1⊗N# has ρY-compact resolvent. Now Proposition 4.2 and the
unequality (4.2) establish the reslvent ρY-compactness. of Y. qed
4.3 YMW spectrum
The modified YMW energy-mass operator in K⊗Kf is the gauged sum
M′ := Y⊗1 + 1⊗QC′, C′ := i′(c(vk)i∂ka . (80)
By Proposition 3.2, M′ has a unique semibounded selfadjoint shifted Friedrichs
extension M′ in K0f (in the transfered notation).
Theorem 4.2 The spectrum of the modified YMW energy-mass operator M′ is a
sequence of eigenvalues converging to +∞. Furthermore, the orthogonal projectors to
corresponding eigenspaces have finite ρYρW -traces.
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proof Operator M′ is an operator in
(Z⊗K0(Cg))⊗K0f essentially selfadjoint in
K(Cg)⊗Kf .
Since
M′ = Y#⊗1 + (1⊗W′)⊗(⊕∞n=0Pn), (81)
the modified YMW energy-mass operator is adopted, by Theorem 4.1 and Proposition
4.1, with the vNa Z⊗B(K0(Cg⊗H0f ))⊗P .
The selfadjoint number operator N# in K0(Cg) on the finite-dimensional space
Cg is unitarily equivalent to the nonnegative elliptic harmonic oscillator in L2(Cg)
shifted by (1/2)1. Thus N# has compact resolvent in B(K0(Cg)).
The nonnegative selfadjoint operator W′0 on B with the homogeneous Dirichlet
conditions is elliptic (see e.g. agranovich[2]). and, therefore has compact resolvent
as well.
The resolvent (1+N#⊕W′0)−1, as the direct sum of the resolvents (1+N#)−1⊕
(1+W′0)
−1, is a parametrix for the operator
N# ⊕W′ = N# ⊕ (W′0 + i′QC′⊗λ) (82)
since the operator products ak(1 + N
#)−1 are compact operators in K0(Cg), the
operator product (1+W′0)
−1λ is a compact operator in H0f , and tensor products of
compact operators are compact.15 and agranovich[2]).
Thus the operator N# ⊕W′ has compact resolvent in B(Cg)⊕H0f ).
Now Equations (79) and (81) imply the operator inequality
Y# +W′ ≥ N# + W′. (83)
Therefore, by Proposition 4.2, the spectrum of the modified YMW energy-mass op-
erator M′ is a sequence of eigenvalues converging to +∞. qed
The restriction of the energy-mass functional M ′(a, e) to a ball B = B(R) the
radius R is associated with the following spectral renormalization:
Proposition 4.6 The spectra of cut-off quantum Yang-Mills energy-mass operators
are selfsimilar in the inverse proportion to the radius R.
proof The scaling transformation
xˇ := x/R, aˇ := a/R, eˇ := e/R2 (84)
converts the energy-mass functionalM′ over B into the scaled energy-mass functional
over B(1).
Moreover, the scaling transformation is canonical: it preserves the Hermitian form
z∗1z2 so that the quantum canonical relations are conserved under the scaling. qed
Reclaim the dimensionless coupling constant γ in the (self)interactions terms.
Since the scaling transformation converts γ into γ
√
R, the (self)interaction vanishes
as R→ 0. This means the asymptotic freedom!
15It is essential that the pseudodifferential operators of negative orders on finite-
dimensional domains are compact (see shubin[50]).
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5 Appendix A
The 7th Millennium problem of Clay Mathematics Institute
Prove that for any compact simple global gauge group, a nontrivial
quantum Yang-Mills theory exists on the four-dimensional Minkowski
spacetime and has a positive mass gap (cp. witten[57, p. 24]).16
By goganov-Kapitanskii[30], smooth global solutions of Yang-Mills equations (in
the Schwinger 1st order formalism) with no restrictions for Cauchy data at the spatial
infinity are uniquely defined by those with supports in central balls B = B(R) of
arbitrary radius R > 0.
The quartic Yang-Mills energy-mass functional (85) on the transversal nuclear
Gelfand triple H over B
Y (a, e) = (1/2)
∫
B
d3x
(
[a ×, a]) · [a ×, a] + e · e). (85)
is the anti-normal symbol of the quantum Yang-Mills energy-mass operator Y :=
M̂α in the Gelfand-Kree triple K. It has a unique nonnegative selfadjoint Friedrichs
extension Y in the transversal K0 (the notation does not change).
Theorem 5.1 The fundamental spectral value of the quantum energy-mass operator
Y is the simple zero eigenvalue with the vacuum eigenvector.
proof The tame quadratic operator
N = : ∂z∗∂z : K → K, σNν = z∗z, (86)
is the number operator.
Power states z∗n, n = 0, 1, ..., form an orthogonal set in K0 and are eigenvectors
of N:
N(z∗n) = nz∗n, n = 0, 1, 2, ... , (87)
with the dense linear span in K0.17 Therefore the number operator has the unique self-
adjoint Friedrichs extensionY the notation is preserved) with the spectrum consisting
of the eigenvalues 0, 1, 2, ....
As in the proof of Theorem 4.1, we get the inequality of the Weyl symbols
σY̟ (z
∗, z) > σN̟ (z
∗, z). (88)
so that, by Theorem 3.2,
Y > N. (89)
16The official formulation of the Millennium Yang-Mills problem (cp. jaffe-witten[16])
is looking for a quantum Yang-Mills theory as deep as the axiomatic relativistic quantum
field theory. However, even modified Wightman axioms (see, e.g., bogoliubov et al [11,
chapter 10] are in a serious conflict with the simplest cases of Gupta-Bleuler theory of
quantum electromagnetic fields, as well as with common local renormalizable gauges (see,
e.g. strocchi[53, Chapter 6 and Appendix A.2]).
17The monomials are cylindrical states in the Bargman-Segal space K0 of co-rank 1. Then
the Lemma holds because it is true in the Bargman-Segal space on the complex line C.
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The functional Y (z∗, z) is a polynomial with zero constant term. Therefore, its anti-
normal quantization Y is spanned by monomials ζ̂∗j zˆk, j + k > 0. For the constant
vacuum state 1
ẑ∗1 = ∂ζ∗1 = 0, zˆ1 = (1
∗ζ)1 = 0, (90)
so that H1 = 0. This implies, since Y is a nonnegative, that the vacuum state 1 is a
fundamental eigenstate with zero eigenvalue.
The vacuum state is the a fundamental eigenstate with zero eigenvalue for the
number operator N. Moreover it is simple, i.e., the corresponding eigenspace of N is
one-dimensional, and the spectral gap of N is
Then, by Glazman lemma ((see, e.g., berezin-shubin[15, Appendix 1,Lemma
3.1]), the operator inequality (77) implies that the the spectrum of the operator Y,,
just as of N , may contain only eigenvalues in the open interval −∞ < λ < 1 and the
sum of their multiplicities cannot be greater than such sum for N The latter sum is
equal to 1. Since the interval (−∞, 1) already contains the zero spectral value of Y,
it follows that this spectral value is the simple fundamental eigenvalue. Thus Y has
a positive spectral gap. qed
Remark 5.1 By glassey-strauss[29] the conformal invariance of Yang-Mills La-
grangian implies that the energy-mass of a (global) solution to the Yang-Mills equa-
tions radiates out along the light cone. In particular, its support in R3 spreads to
infinity, i.e., classically, no confinement is possible. However, the Theorem implies
that the Schroedinger equation is globally solvable over any cutoff Gelfand-Kree triple,
i.e. there is a quantum confinement.
6 Appendix B
Proposition 6.1 The global solutions of the Cauchy problem for modified classical
Yang-Mills-Weyl equations exist and are generated generated by global solutions with
compactly supported Cauchy data.
proof (A sketch)
• A solution u(t, x) of the Cauchy problem for hyperbolic YMW evolution equa-
tions (24) at (t, x) ∈ M is uniquely defined inside the open cones {(t, y) ∈ M :
0 ≤ t < R, |x − y| < R − t} by the non-constrained initial data on the cones
bases at t = 0.
• Any strip {(t, x) ∈ M : 0 ≤ t ≤ T } can be covered by such cones because the
sizes of the smaller cubes and their positions can be chosen arbitrarily.
• Multiply an initial data u(0, x) with an infinitely smooth cut-off function ζ(t, x), 0 ≤
ζ(t, x) ≤ 1 supported by a ball B and equal to 1 inside of a smaller ball B′ so
that u and ζu are equal inside of the open cone over B′.
• Extend ζu to B. Presume that a solution with cutoff initial data exists for all
t.
• Then the uniqueness and global existence of solutions of the initial value prob-
lem on R1,3 follow from the same properties of the cutoff initial data.
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• Since the solutions of YMW evolution equations satisfy a non-linear wave
equation (see [13, Section 4] in the Lorentz gauge) one gets, as in eardley-
moncrief[23], a non-linear integral equation for larks with cutoff initial data
in a ball B by using the retarded (or advanced) fundamental solution of the
linear wave equation perturbed by non-linear terms. Then, as in [23], the non-
negative energy-mass functionals EW to verify the existence of global solutions
with cutoff initial data (cp. goganov,kapitanskii[30, Theorem 5]).Since the
constraint equations are preserved by YMW evolution equations, it follows that
the set of smooth larks is generated by larks with cutoff initial data. qed
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